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Deformation and Microdeformation

−→
X (α) =

−→
X +

−→
Ξ

(α) (1)

Where
−→
Ξ (α) is the position of a point in the microelement

relative to the center of mass of ∆V .
The final position of the αth particle will be:

−→x (α) =−→x +
−→
ξ

(α) (2)
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Deformation and Microdeformation

The motion of the center of mass P of ∆V is:

−→x =−→x (
−→
X , t) (3)

The relative position vector
−→
ξ (α) depends not only on

−→
X y t but

also on
−→
Ξ (α), i.e.,

−→
ξ

(α) =
−→
ξ

(α)(
−→
X ,
−→
Ξ

(α), t) (4)
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Deformation and Microdeformation

The materials points in ∆V undergo a deformation about the
centre of mass.

−→
ξ

(α) = χ(
−→
X , t)

−→
Ξ

(α) (5)

In coordinate form, for the spatial position of a material point in
a microelement, we have:

x(α)
k = xk(

−→
X , t)+ χkK(

−→
X , t)Ξ(α)

K (6)

k,K = 1,2,3
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Deformation and Microdeformation

We introduce the inverse micromotions ΛKk such that

χkKΛKl = δkl, χkKΛLk = δKL, χkKΛLk = 1 (7)

In component form Eq. 5 reads

ξ
(α)
k = χkK(

−→
X , t)Ξ(α)

K (8)

Using Eq. 7 in the Eq. 8, we get

Ξ
(α)
K = ΛKk(−→x , t)ξ (α)

k (9)
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Deformation and Microdeformation

The motion and the inverse motion of a material point in a
microelement are therefore expressed by

x(α)
k = xk(

−→
X , t)+ χkK(

−→
X , t)Ξ(α)

K (10)

X (α)
K = XK(−→x , t)+ΛKk(−→x , t)ξ (α)

k (11)
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Strain and Microstrain Tensors

The differential line element in the deformed body is calculated.

x(α)
k = xk(

−→
X , t)+ χkL(

−→
X , t)Ξ(α)

L

dx(α)
k =

(
∂xk

∂XK
+ΞL

∂ χkL

∂XK

)
dXK + χkLdΞL (12)
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Strain and Microstrain Tensors

The square of the arc length is calculated by

(ds(α))2 = d−→x (α) ·d−→x (α) = dx(α)
k ·dx(α)

k

(ds(α))2 =
[(

∂xk

∂XK
+ΞM

∂ χkM

∂XK

)
dXK + χkKdΞK

]
·[(

∂xk

∂XL
+ΞN

∂ χkN

∂XL

)
dXL + χkLdΞL

]

A. M. Ramos-C Cosserat Continuum



Strain and Microstrain Tensors

(ds(α))2 =
[
CKL +2ΓKMLΞM +ΞM

∂ χkM

∂XK
ΞN

∂ χkN

∂XL

]
dXKdXL +

2
[

ΨKL + χkL
∂ χkM

∂XK

]
dXKdΞL + χkLχkKdΞLdΞk

Where:
CKL(

−→
X , t)≡ ∂xk

∂XK

∂xk

∂XL
(13)

ΨKL(
−→
X , t)≡ ∂xk

∂XK
χkL (14)

ΓKLM(
−→
X , t)≡ ∂xk

∂XK

∂ χkM

∂XL
(15)
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Strain and Microstrain TensorsFig 4 Displacement vectors
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Strain and Microstrain Tensors

From the last figure:

−→
X +

−→
U =−→x ⇒ −→

U =−→x −−→X (16)

Ξ
(α) +

−→
U (α) =

−→
U +

−→
ξ

(α)

−→
U (α) =

−→
U +

−→
ξ

(α)−−→Ξ (α) (17)

xK = UK +XK (18)
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Strain and Microstrain Tensors

From Eq 18 , by partial differentiation, we obtain

∂xk

∂XK
=

∂Uk

∂XK
+

∂Xk

∂XK
=

∂Uk

∂XK
+δkK (19)

Similarly, we introduce the microdisplacement tensors
ΦLK(

−→
X , t)

χkK = δkK +ΦkK (20)

By use of Eqs. 16, 20 the Eq. 17 may also expressed as

U (α)
K = UK +ΞKΦkK (21)
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Strain and Microstrain Tensors

CKL ≈
∂UL

∂XK
+

∂UK

∂XL
+δKL (22)

ΨKL ≈
∂UL

∂XK
+δKL +ΦKL (23)

ΓKLM ≈
∂ΦKM

∂XL
(24)
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Strain and Microstrain Tensors

The material strain tensor EKL and the material microstrain
tensors EKL and ΓKLM are defined thus:

EKL ≡
1
2
(CKL−δKL) =

1
2

(
∂UL

∂XK
+

∂UK

∂XL
+δKL−δKL

)
(25)

EKL =
1
2

(
∂UL

∂XK
+

∂UK

∂XL

)
(26)

EKL ≡ΨKL−δKL =
∂UL

∂XK
+δKL +ΦKL−δKL =

∂UL

∂XK
+ΦKL (27)

ΓKLM ≡
∂ΦKM

∂XL
(28)
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Micropolar Strains and Rotations

The tensor ΦKL is defined as antisymmetric for the theory of
micropolar elasticity.

ΦKL =−ΦLK (29)

in the spatial notation, φkl =−φlk. Every skew-symmetric,
second tensor ΦKL can be expressed by an axial vector ΦK

defined by:

ΦK =
1
2

eKLMΦML (30)

Eq 30 can be expressed as:

Φ1 = Φ32, Φ2 = Φ13, Φ3 = Φ21

The Eq 30 can be written as

ΦKL =−eKLMΦM (31)

A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

Substituting into Eq 20, we have

χkK = δkK +ΦkK = δkK− ekKMΦM (32)

In the classical theory, we have the rotational tensor

RKL =−RLK ≡
1
2

(
∂UK

∂XL
− ∂UL

∂XK

)
(33)

The axial vector RK

RK =
1
2

eKLMRML RKL =−eKLMRM (34)
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Micropolar Strains and Rotations

Using Eqs. 25 y 34, we obtain

EKL =
1
2

(
∂UL

∂XK
+

∂UK

∂XL

)
RKL =

1
2

(
∂UK

∂XL
− ∂UL

∂XK

)
∂UK

∂XL
= EKL +RKL

∂UK

∂XL
= EKL− eKLMRM (35)
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Micropolar Strains and Rotations

When this and Eq. 31 are substituted into Eq. 27 and 28 we get

EKL = EKL + eKLM(RM−ΦM) (36)

ΓKLM =
∂ΦKL

∂XM
=

∂ (−eKLNΦN)
∂XM

=−eKLN
∂ΦN

∂XM
(37)
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Micropolar Strains and Rotations

Regarding this figure (Displacement vectors) and the Eq. 21:Fig 4 Displacement vectors
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−→
Φ ×−→Ξ
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Micropolar Strains and Rotations

Fig 5 Microrotation
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the spatial position of the αth point −→x (α) is

−→x (α) =
−→
X +

−→
U +

−→
Ξ +

−→
Φ ×−→Ξ︸ ︷︷ ︸
−→
ξ
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Micropolar Strains and Rotations

Consider the deformation of an infinitesimal vector−→
dX (α) =

−→
dX +

−→
dΞ at

−→
X +

−→
Ξ .

Fig Nueva. Differential of dx

O
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Ξ2X1
(α)

X2
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A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

Consider the deformation of an infinitesimal vector−→
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Micropolar Strains and Rotations

Consider the deformation of an infinitesimal vector−→
dX (α) =

−→
dX +

−→
dΞ at

−→
X +

−→
Ξ .

Fig Nueva. Differential of dx

O

X1

X1

X2

X3

dX

Ξ1

X2

Ξ2X1
(α)

X2
(α)

dX(α)P

dΞ

Q

qp
Ξ2

dΞ

Deformation of an infinitesimal vector

A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

On deformation, the vector
−→
dX (α) becomes:

−→
dx(α) =

−→
dX +

−→
dΞ+

∂
−→
U

∂XK
dXK−

−→
dΞ×−→Φ −−→Ξ × ∂

−→
Φ

∂XK
dXK (38)

−→
dx(α) =

−→
dX +

−→
dΞ−(

−→
dX×−→R +

−→
dΞ×−→Φ +

−→
dX×−→Γ )+(EKL +Γ(KM))dXK

(39)
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Micropolar Strains and Rotations

Now, it is defined a new minirotation vector ~Γ by

ΓK ≡
1
2

eKLMΓML, Γ[KL] =−eKLMΓM (40)

This vector is called minirotation for distinction from the
microrotation Φ. Eq.40 can be written:

ΓK =
1
2

(
−∂ΦL

∂XL
ΞK +

∂ΦK

∂XL
ΞL

)
(41)
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Micropolar Strains and Rotations

Macrostrain tensor (Eq. 25)

EKL =
1
2

(
∂UL

∂XK
+

∂UK

∂XL

)

EXX =
∂U
∂X

EXY =
1
2

(
∂U
∂Y

+
∂V
∂X

)
EYY =

∂V
∂Y

EY Z =
1
2

(
∂V
∂Z

+
∂W
∂Y

)
EZZ =

∂W
∂Z

EZX =
1
2

(
∂W
∂X

+
∂U
∂Z

)
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Micropolar Strains and Rotations

Micropolar strain tensor (Eq. 27)

EKL =
∂UL

∂XK
+ΦKL ΦKL =−eKLMΦM → EKL =

∂UL

∂XK
− eKLMΦM

EXX =
∂U
∂X

EXY =
∂V
∂X

−ΦZ EXZ =
∂W
∂X

+ΦY

EY X =
∂U
∂Y

+ΦZ EYY =
∂V
∂Y

EY Z =
∂W
∂Y

−ΦX

EZX =
∂U
∂Z

−ΦY EZY =
∂V
∂Z

+ΦX EZZ =
∂W
∂Z
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Micropolar Strains and Rotations

Micropolar strain tensor of third order (Eq. 28)

ΓKLM =
∂ΦKL

∂XM
ΦKL =−eKLNΦN → ΓKLM =

∂ (−eKLNΦN)
∂XM

(42)

ΓY ZX =−ΓZY X =
∂ΦX

∂X
;ΓY ZY =−ΓZYY =

∂ΦX

∂Y
;ΓY ZZ =−ΓZY Z =

∂ΦX

∂Z

ΓZXX =−ΓXZX =
∂ΦY

∂X
;ΓZXY =−ΓXZY =

∂ΦY

∂Y
;ΓZXZ =−ΓXZZ =

∂ΦY

∂Z

ΓXY X =−ΓY XX =
∂ΦZ

∂X
;ΓXYY =−ΓY XY =

∂ΦZ

∂Y
;ΓXY Z =−ΓY XZ =

∂ΦZ

∂Z
all others ΓKLM = 0
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Micropolar Strains and Rotations

Macrorotation vector (Eq. 34)

RKL =
1
2

(
∂UK

∂XL
− ∂UL

∂XK

)

RX =
1
2

(
∂W
∂Y

− ∂V
∂Z

)
;RY =

1
2

(
∂U
∂Z

− ∂W
∂X

)
; RZ =

1
2

(
∂V
∂X

− ∂U
∂Y

)
Microrotation vector

−→
Φ = ΦX Î +ΦY Ĵ +ΦZK̂

A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

Minirotation vector (Eq. 41)

ΓX =
1
2

[
−

(
∂ΦY

∂Y
+

∂ΦZ

∂Z

)
ΞX +

∂ΦX

∂Y
ΞY +

∂ΦX

∂Z
ΞZ

]

ΓY =
1
2

[
−

(
∂ΦX

∂X
+

∂ΦZ

∂Z

)
ΞY +

∂ΦY

∂X
ΞX +

∂ΦY

∂Z
ΞZ

]

ΓZ =
1
2

[
−

(
∂ΦX

∂X
+

∂ΦY

∂Y

)
ΞZ +

∂ΦZ

∂X
ΞX +

∂ΦZ

∂Y
ΞY

]
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Other way to see the minirotation vector
−→
Γ is the tensorial form:

−→
Γ =

1
2

B
−→
Ξ :

−→
Γ =

 ΓX

ΓY

ΓZ



B =


−

(
∂ΦY

∂Y
+

∂ΦZ

∂Z

)
∂ΦX

∂Y
∂ΦX

∂Z
∂ΦY

∂X
−

(
∂ΦX

∂X
+

∂ΦZ

∂Z

)
∂ΦY

∂Z
∂ΦZ

∂X
∂ΦZ

∂Y
−

(
∂ΦX

∂X
+

∂ΦY

∂Y

)


−→
Ξ =

 ΞX

ΞY

ΞZ


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Geometrical meaning of Micropolar strains

−→
dx(α) =

−→
dX +

−→
dΞ−(

−→
dX×−→R +

−→
dΞ×−→Φ +

−→
dX×−→Γ )+(EKL +Γ(KM))dXK

The deformation of the vector
−→
dX (α) ≡

−→
dX +

−→
dΞ may be achieved

by the following three operations:
1 A rigid translation of

−→
dX +

−→
dΞ from material centroid

−→
X to

the spatial centroid −→x .
2 Rigid rotations of

−→
dX and

−→
dΞ by the amounts

d
−→
X × (

−→
R +

−→
Γ ) and

−→
dΞ×−→Φ , respectively.

3 Finally, a stretch represented by the strains EKL and Γ(KL)
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Geometrical meaning of Micropolar strains

−→
dx(α) =

−→
dX +

−→
dΞ−(

−→
dX×−→R +

−→
dΞ×−→Φ +

−→
dX×−→Γ )+(EKL +Γ(KM))dXK

Eq. 39 can be written as

−→
dx(α) =

−→
dx+

−→
dy+

−→
dz

Where −→
dx =

−→
dX−

−→
dX×−→R +EKLdXK (43)

−→
dy =−

−→
dX×−→Γ +Γ(KM)dXK (44)

−→
dz = d

−→
Ξ −

−→
dΞ×−→Φ (45)
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Geometrical meaning of Micropolar strains and
Rotations

Eq. 43 can be expressed as

−→
dx =

−→
dX +

−→
R ×

−→
dX +EKLdXK =

−→
dX +R

−→
dX +E

−→
dX =

−→
dX [1+R]+E

−→
dX

q

Eq 5.2 de Eringen

x1

dX

O

X1

X1

X3

X2

P

p

Q

x2 dX

dXR

R
1 +

dX

(  
   

   
  )

dXE

dx

Conventional Continnum
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Geometrical meaning of Micropolar strains and
Rotations

Eq. 44 can be written as

−→
dy =−

−→
dX×−→Γ +Γ(KL)

−→
dX = Γ[KL]

−→
dX +Γ(KL)

−→
dXEq 5.3 de Eringen

Q

dX

O

X1
X2

P
Ξ

dX
p

O

X1

P Q
Ξ

dX

x1

x2

q

dX

Ξ=ξ

ΓdX

dx dy
Γ(KL) dXK

Ξ is constant
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Geometrical meaning of Micropolar strains and
Rotations

Eq. 45 can be expressed as

−→
dz = d

−→
Ξ −

−→
dΞ×−→Φ = d

−→
Ξ +

−→
Φ ×

−→
dΞ = d

−→
Ξ +Φ

−→
dΞ︸ ︷︷ ︸

d
−→
Ξ (1+Φ)

Eq 5.4 de Eringen

O

X

Ξ1 Ξ2

dΞ

O

X x=

ξ1 dΞ

dΞΦ
ξ2

dξ dz

P

Q

p

q

X is a constant
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Geometrical meaning of Micropolar strains and
Rotations

dx(α)
k =

(
∂xk

∂XK
+ΞL

∂ χkL

∂XK

)
dXK + χkLdΞL

Eq. 12 can be written as
−→
dx(α) = (C +C )

−→
dX + χ

−→
dΞ C =

∂ χkL

∂XK
ΞLFig 8 Macrodeformation and microdeformation

x

dX

O

X

X1

X2

X3

Ξ

ξ

dΞ
dΞ

dX(α)=dX+dΞ

X(α)+dX(α)

χ

= dx + dydX(            )C + C
dx(α)

x(α)+dx(α)

dΞ= dz

Macrodeformation and microdeformation
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Volumen Changes

Material macrovolume element with Ξ fixed

dVo ≡ dX1dX2dX3

Material minivolume element with X fixed

dVo ≡ dΞ1dΞ2dΞ3

After deformation dVo → dv and dVo → dυ

dv = JdX1dX2dX3 dυ = jdΞ1dΞ2dΞ3

Where j and J are the Jacobians of deformation with Ξ and X
fixed, respectively
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Volumen Changes

−→
dx(α) = (C +C )

−→
dX + χ

−→
dΞ C =

∂ χkL

∂XK
ΞL

J ≡ det
(

∂xk

∂XK
+

∂ χkM

∂XK
ΞM

)
(46)

j ≡ det(χkM) (47)

J ' 1+EKK +ΓKK (48)

J ' 1+EKK +ΓKK = 1+ trE +(∇×−→Φ ) ·−→Ξ
dv

dVo
−1 = trE +(∇×−→Φ ) ·−→Ξ (49)
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Volumen Changes

Taking Eq. 47 and calculating the determinant

j = {det [χkK χkL]}1/2 (50)

Using the Eq. 20 χkK = δkK +ΦkK

j ≈ {det [δKL +ΦKL +ΦLK ]}1/2 = 1+ΦKK (51)

ΦKK = 0, so that
dυ

dVo
−1 = 0 (52)
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Some special deformations - Rigid deformation

E = E = 0, Γ = 0. If EKL = 0 implies U is constant, then RKL

not depends on X.
If ΓKL = 0→ ΓKLM = 0 ΓKM = ΓKLM ΞL︸︷︷︸

6=0

If ΓKLM = 0→ΦN is constant because ΓKLM︸ ︷︷ ︸
=0

=−eKLN
∂

Constant︷︸︸︷
ΦN

∂XM︸ ︷︷ ︸
=0

If E = 0, from Eq. 36 we have:
EKL︸︷︷︸
=0

= EKL︸︷︷︸
=0

+eKLM(RM−ΦM)→ RM = ΦM → RK = ΦK where

RK =
1
2

eKLMRML; RML and RK are independents of X
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Some special deformations - Isochoric deformation

Macroisochoric deformation: if the material macrovolumen
remains unchanged.
Miniisochoric deformation: if the material minivolumen remains
unchanged. j is always equal to one.
From Eq. 48:

J ' 1+EKK +ΓKK

EKK +ΓKK = 0 (53)

The Eq. 53 is valid, if EKK and ΓKK are equal to zero.

EKK = ∇ ·U = 0

From Eq. 49 is obtained that ΓKK = (∇×−→Φ ) ·−→Ξ . Then
(∇×−→Φ ) = 0
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Some special deformations - Homogeneous strain

−→x (α) =−→x +
−→
ξ xk = DkKXK ξk = DkKΞK

−→x (α) = DkK︸︷︷︸
constant

XK + DkK︸︷︷︸
constant

ΞK = D
−→
X +D

−→
Ξ (54)

xk = DkKXK is the homogeneous strain in classical continuum
ξk = DkKΞK is the microhomogeneous deformation.
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Homogeneous strain - Simple Shear

D =

 1 S 0
0 1 0
0 0 1

 −∞ < S < ∞ (55)

−→x (α) = D
−→
X +D

−→
Ξ x(α)

1

x(α)
2

x(α)
3

=

 1 S 0
0 1 0
0 0 1

 X1
X2
X3

+

 1 −D3 D2
D3 1 −D1
−D2 D1 1

 Ξ1
Ξ2
Ξ3


xα

1 = X1 +SX2 +Ξ1 +D2Ξ3−D3Ξ2

xα
2 = X2 +Ξ2 +D3Ξ1−D1Ξ3 (56)

xα
3 = X3 +Ξ3 +D1Ξ2−D2Ξ1
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Homogeneous strain - Simple Shear

CKL = DkKDkL

C =

 1 S 0
0 1 0
0 0 1

 1 S 0
0 1 0
0 0 1

 C =

 1 S 0
S 1+S2 0
0 0 1

 (57)
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Homogeneous strain - Simple Shear
Fig XX. Simple Shear

X1

dΞ2

x1

X2 x2

dΞ1

b b´
c´

c

a
a´

A

C´

O

B C
S

dX2=1

B´

1+
S2

Simple Shear
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Velocity of a material point

Definition: The material derivative of any tensor is defined as
the partial derivative of that tensor with respect to time with the
material coordinates Xk and ΞK held constant.

−→
ξ = χ

−→
Ξ (58)

−̇→
ξ = χ̇(X , t)

−→
Ξ (59)

−→̇
ξ =−

−→
ξ × −→

ν︸︷︷︸
φ̇

(60)
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Loads

Body loads
Fig 13

Δa
O

f1

f2

f3

f4

Δa
O

f

Δv

Δv

l

Macrovolume element with force and couple body

−→
f = Body force per unit mass;

−→
l = Body couple per unit mass
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Surface loads

Fig 15

Δv

Δa

Δv

Δa

m

t

Macrovolume element with surface loads
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Surface and body loads
Fig 17

Δa

Δv

V

S

l

f

m(n)
n

t(n)

Surface and body loads on volumen

F =
∮

s
−→t (n)da+

∫
v ρ
−→
f dv

M =
∮

s[
−→m (n) +

−→x ×−→t (n)]da+
∫

v ρ(
−→
l +−→x ×−→f )dv
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Mechanical balance laws

1 Conservation of mass
2 Balance of momentum
3 Balance of momentum of momentum
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Conservation of mass

The total mass of each microelement remains constant during
any deformation.Fig 18 Macromass elements containing micromass

elements

ΔVo

Δv(α)Ξ(α)

ξ(α)

x x(α)

X
X(α)

α = 1,2…,n

Δv

ρ(α)

ρ(α)
o

ΔV(α)
o

Macromass elements containing micromass elements
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Conservation of mass

ρ
(α)
o ∆V (α)

o = ρ
(α)

∆v(α) (61)

The total mass of a macrovolume before and after deformation,
is given by

ρo∆Vo ≡
N

∑
α=1

ρ
(α)
o ∆V (α)

o (62)

ρ∆v≡
N

∑
α=1

ρ
(α)

∆v(α) (63)

ρo∆Vo = ρ∆v (64)

If ∆Vo and ∆v → dVo and dv then

ρodVo = ρdv
ρo

ρ
=

dv
dVo

≡ J (65)

∫
V

ρodVo =
∫

v
ρdv (66)
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Principle of balance of momentum

The time rate of change of momentum is equal to the sum of all
forces acting on a body

∆p = ∑
α

ρ
(α)v(α)

∆v(α) = ∑
α

ρ
α(v+ ξ̇ )∆v(α)

d p = ρvdv

The total momentum of the body is

p =
∫

v
ρvdv (67)

The principle of balance of momentum is expressed by

d
dt

∫
v
ρvdv =

∮
s
t(n)da+

∫
v
ρ f dv (68)
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Principle of balance of moment of momentum

The time rate of change of moment of momentum about a point
is equal to the sum of all couples and the moment of all forces
about that point.
The mechanical moment of momentum of a microelement is

−→x (α)×ρ
(α)v(α)

∆v(α)

The total moment of momentum of a macroelement is
calculated by:

∆M = ∑
α

−→x (α)×ρ
(α)v(α)

∆v(α) (69)

∆M = ∑
α

(−→x +
−→
ξ )×ρ

(α)(v+
−→̇
ξ )∆v(α) (70)

The principle of moment of momentum is expressed by

d
dt

∫
v
(−→x ×ρv+ρσ)dv =

∮
s
(−→x × t(n) +m(n))da+

∫
v
ρ(l +−→x ×−→f )dv

(71)
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Stress and couple stress

Fig 21 Stress – Couple stress tensor

O

x1

x3

x2

t33

t3
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t1

t31

t32

t22

t23

t21

t11
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m33
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m31
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m11

m12
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Stress and couple stress
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Stress and couple stress

t =

 txx txy txz

tyx tyy tyz

tzx tzy tzz

 , m =

 mxx mxy mxz

myx myy myz

mzx mzy mzz

 (72)
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Local balance laws

From the principle of balance of momentum (Eq. 68):

d
dt

∫
v
ρvdv =

∮
s

−→t (n)da+
∫

v
ρ
−→
f dv

∫
v
ρ
−→a dv =

∮
s

−→t (n)da+
∫

v
ρ
−→
f dv (73)∫

v
[Divt +ρ(

−→
f −−→a )︸ ︷︷ ︸

=0

]dv = 0 (74)

∂ tlk
∂Xl

+ρ( fk−ak) = 0 (75)
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Local balance laws

From principle of moment of momentum (Eq. 71)

d
dt

∫
v
(−→x ×ρ

−→v +ρ
−→
σ )dv =

∮
s
(−→x ×−→t(n)+

−−→m(n))da+
∫

v
ρ(
−→
l +−→x ×−→f )dv

(76)
∂mlk

∂xl
+ρ(lk− σ̇k)+ eilktlk = 0 (77)

∂ tlk
∂xl

+ρ( fk−ak) =
−→
0

A. M. Ramos-C Cosserat Continuum



Local balance laws

∂ txx

∂x
+

∂ tyx

∂y
+

∂ tzx

∂ z
+ρ( fx−ax) = 0

∂ txy

∂x
+

∂ tyy

∂y
+

∂ tzy

∂ z
+ρ( fy−ay) = 0 (78)

∂ txz

∂x
+

∂ tyz

∂y
+

∂ tzz

∂ z
+ρ( fz−az) = 0

∂mxx

∂x
+

∂myx

∂y
+

∂mzx

∂ z
+ tyz− tzy +ρ(lx− σ̇x) = 0

∂mxy

∂x
+

∂myy

∂y
+

∂mzy

∂ z
+ tzx− txz +ρ(ly− σ̇y) = 0 (79)

∂mxz

∂x
+

∂myz

∂y
+

∂mzz

∂ z
+ txy− tyx +ρ(lz− σ̇z) = 0
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Theory of micropolar elasticity

In linear micropolar elasticity, the strain measures are

EKL = EKL + eKLM(RM−ΦM) (80)

ΓKLM = eKLN
∂ΦN

∂M
(81)

Only 9 components
∂ΦN

∂XM
are independent and non zero (Eq.

42). We may, instead of ΓKLM, to use the axial tensor
∂ΦK

∂XL
.

For the anisotropic micropolar elastic solids, we have the
following relations.

tKL = AKLMNEMN (82)

mKL = BKLMN
∂ΦM

∂XN
(83)
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Theory of micropolar elasticity

If the body is isotropic, the tensors A and B have to be
isotropics. The most general form of second order isotropic
tensor is:

AKLMN = A1δKLδMN +A2δKMδLN +A3δKNδLM (84)
BKLMN = B1δKLδMN +B2δKMδLN +B3δKNδLM (85)

tKL = A1δKLEMM +A2EKL +A3ELK (86)

mKL = B1δKL
∂ΦR

∂XR
+B2

∂ΦK

∂XL
+B3

∂ΦL

∂XL
(87)
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Theory of micropolar elasticity

On introducing

A1 = λ , A2 = µ +κ, A3 = µ (88)
B1 = α, B2 = β , B3 = γ (89)

The eqs. 86 and 87 can be written as:

tKL = λδKLEMM +(µ +κ)EKL + µELK (90)

mKL = αδKL
∂ΦR

∂XR
+β

∂ΦK

∂XL
+ γ

∂ΦL

∂XK
(91)
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Theory of micropolar elasticity

tKL = λδKLERR +(2µ +κ)EKL +κeKLM(RM−ΦM)

mKL = αδKL
∂ΦR

∂XR
+β

∂ΦK

∂XL
+ γ

∂ΦL

∂XK

There are 4 extra modulus in micropolar isotropic elasticity
α,β ,γ,κ. If these modulus are set equal to zero, it is obtained
the Hooke isotropic elasticity.
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