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Deformation and Microdeformation - Material and

spatial coordinates

S
B,t=0 » b, t>0
\Y
v oS
AV
P p Av
X3§ X, Xz

Material and spatial coordinates
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Deformation and Microdeformation

AV(©@)

L ) } _ @ " q AV(@®)
( ) TP

x|,
XV

Deformation of a microvolume
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Deformation and Microdeformation

X@=-X4+E@ (1)

Where E (@ is the position of a point in the microelement
relative to the center of mass of AV.
The final position of the ath particle will be:

—

£ (2)

@ =%+
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Deformation and Microdeformation

The motion of the center of mass P of AV is:
T =7(X.1) (3)

.

The relative position vector & (*) depends not only on X y t but
—

alsoon Z (¥ e,

@) (4)
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Deformation and Microdeformation

The materials points in AV undergo a deformation about the
centre of mass.

E@—y(X,nZ@ (5)

In coordinate form, for the spatial position of a material point in
a microelement, we have:

A% = (X0 + 2k (X, 0)ED) (6)

kK=1,23
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Deformation and Microdeformation

We introduce the inverse micromotions Ak, such that
Xkk Akt = &1, XikArk = Okr,  Xkk Ak =1 (7)

In component form Eq. 5 reads

& = 1w (X 02 (8)
Using Eq. 7 in the Eq. 8, we get

2 = Age(F,0)E 9)
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Deformation and Microdeformation

The motion and the inverse motion of a material point in a
microelement are therefore expressed by

x,E“) :xk(f,t) +ka(?¢)3§{“) (10)
X = X (% ,8) + A (7 ,1) € (11)
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Strain and Microstrain Tensors

The differential line element in the deformed body is calculated.

x,((a) = xk(f,t) + XkL(Y,t)E(La)

P P
0 — < Ix +3LX/<L> Xk + 30 d=, (12)
K
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Strain and Microstrain Tensors

The square of the arc length is calculated by

(@5 D)2 = a7 @ . g% (@ — gl®) . 1)

(ds(a))z _ [<axk 4= anM)dXK—i-%deEK]-

Xk M oxk
oxi . Oxiv -
[(aXL-I-uN 9X, dXp+ Y dEL
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Strain and Microstrain Tensors

OXknt — O Xan
()2 = Ey+E ©
(ds'™) [CKL+2FKML M+ Ey X =V ox, dXxdX; +
9 Xm - -
2 lPKL"‘)CkLaT dXxdEL + X Xk dZELdEy
K
Where: e
~ Xk OX|
= 1
Cre(X,1) Xk X, (13)
8xk
Wi (X, 1) = — 14
k(X 1) 8XKX1<L (14)

T 1) = 9%
- dXx 9X;
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Strain and Microstrain Tensors

AS AV

O
(=%
(=%
g
>
<

a=12...,n

Displacement vectors

A. M. Ramos-C Cosserat Continuum



Strain and Microstrain Tensors

From the last figure:

X+U=x= U=%-X (16)
50 L T@ T 4 E@
TO=T4+E@_F@ (17)

xg = Ug + Xg (18)
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Strain and Microstrain Tensors

From Eq 18, by partial differentiation, we obtain

dxi  JUp 90Xy U
X OXk 9Xk  9Xx + Ok (19)

Similﬂly, we introduce the microdisplacement tensors
(DLK(X ,t)
Xkk = Sk + Pk (20)

By use of Egs. 16, 20 the Eqg. 17 may also expressed as

U1(<a) = Ug 4+ ExPrx (21)
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Strain and Microstrain Tensors

dU; dUg
OO 4 97K 2
Ckr 8XK+ X, + kL (22)
oU.
Y ~ TX; + Ok + PkL (23)
Lo
Ixim = a)fLM (24)
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Strain and Microstrain Tensors

The material strain tensor Ex; and the material microstrain
tensors &%, and 'k, are defined thus:

1 1 /U, dU
Exr = E(CKL - 51(L) = 5 <aXIi + TXIL( + Ok — 6KL> (25)
1 (oU,  JUk
B =3 <8XK * 8XL) (26)
U, U
éaKL ElPKL—sKL = TX[L(—’_6KL+¢KL_6KL = TX;‘}‘(I)KL (27)
_ dPkm
Trun = 5 (28)
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Micropolar Strains and Rotations

The tensor ®k, is defined as antisymmetric for the theory of
micropolar elasticity.

Pk = —Prk (29)
in the spatial notation, ¢, = —¢;,. Every skew-symmetric,
second tensor ®g; can be expressed by an axial vector ®g
defined by:

1
Pg = EeKLMCI)ML (30)

Eq 30 can be expressed as:
P =P3, P =Pz, P3=Py
The Eq 30 can be written as

Pk = —eximPu (31)
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Micropolar Strains and Rotations

Substituting into Eq 20, we have
Xk = Ok + Pik = Sk — exkm®Pum (32)

In the classical theory, we have the rotational tensor

B 1 [oux dU
Rixr = —Rixk = 3 <8XL 8XK> (33)
The axial vector Ry

1

Rk = EeKLMRML Rk1 = —eximRu (34)
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Micropolar Strains and Rotations

Using Eqgs. 25 y 34, we obtain

1 /U, dU 1 /dU, aU
EKL:2< o K> Rk1 (KL>

Xk = 0Xy 2\ 09X, 9xx
Uk
T Exi+R
9X, KL+ Rkr
Uk
_— = — R
9X, Ex1 —eximRu (35)
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Micropolar Strains and Rotations

When this and Eq. 31 are substituted into Eq. 27 and 28 we get

kr = Exr+ exim(Ry — Pyr) (36)
0Pk d(—exin®Py) Dy
Tgiv = Xy 90X, = TEKLN o5 Xy (37)
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Micropolar Strains and Rotations
Regarding this figure (Displacement vectors) and the Eq. 21:

As
) Av
) )
/X % 0
/
=
a=12...n
Displacement Vectors
—
_) a
(@) _

—
—
=
G

[0 —_
+ U( ) = Uk + ®uxEx
= _ ==
PE =P x E
@ is antisymmetric.



Micropolar Strains and Rotations

Microrotations

the spatial position of the ath point X' (%) is
_)(a) — — :) —
X' HW=X+U+E+Px
—
g
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Micropolar Strains and Rotations

Con3|der the deformatlon of an infinitesimal vector
dX©@ —dX +dEat X + .

Deformation of an infinitesimal vector
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Micropolar Strains and Rotations
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Micropolar Strains and Rotations

Con3|der the deformatlon of an infinitesimal vector
dX©@ —dX +dEat X + .

Deformation of an infinitesimal vector
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Micropolar Strains and Rotations
On deformation, the vector dX (%) becomes:
dx®) = dX +dzE +

aﬁdx AEx®— & aadx (38)
-— —dEX P —E X —

oxx K oxg K

— — — _—_ = = = —
dx'% = dX +dE—(dX x R +dEx ® +d

—
x I ) + (EKL +F(KM))dXK
(39)



Micropolar Strains and Rotations

Now, it is defined a new minirotation vector I" by

1
Ui = Zeximlme, Uik = —eximln (40)

This vector is called minirotation for distinction from the
microrotation ®. Eq.40 can be written:

1 ( 8<I>L: P )

Iy=- -2tz T
k=2 T ox, 7K ox, Tt
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Micropolar Strains and Rotations

Macrostrain tensor (Eq. 25)

1 /dU, U
EKL:< -+ K>

2\ oxx " ax.
U 1 /09U oV
Exx = X Exy = slay tox
oV 1/0V oW
Bv=gy Pr=3\9z oy
ow 1 /W U
brz=v57 Fox=7{ox* 32)
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Micropolar Strains and Rotations

Micropolar strain tensor (Eq. 27)

8UL aUL
=——4 Dy = — P Exp = —— — P
kL IXr + Pk, Piyr ekt Py — Sk = 5 Xc exim®Pum
U aV oW
éaXX:TX (goXY:TX*q)Z 5"){2:7}( + Dy
oU oV oW
Eyx 7% + oy Eyy 37 vz=5y X
oU Vv oW
_97 27 19 &, =2
Ezx 3Z Dy | Ezy 37 + oy 2= 757
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Microdeformation Tensor
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Micropolar Strains and Rotations

Micropolar strain tensor of third order (Eq. 28)

Ukim = %C?LL P = —exiNPn — Tkm = W (42)
Iyzx =-Tzvx = a;;(X;FYZY =—Izyy= a;;X;FYZZ =—Izyz= a;;X
Izxx =—Txzx = a;;(y;rzxy =—Ixzr = a;;Y;szz =—Ixzz= 8;;
Ixyx =—Tyxx = a;;(Z;FXYY =—Tyxy = a;;Z§FXYZ =—Iyxz= 3;;2

all others 'y =0
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aCI)X a(I)X acI)X
y 0X y dy 9y y 0Z
Dy '? oY Dy
X X aZ X
X :
z z z '
Y 8X y 8Y aZ
Dyl 9 Py
CI)Y AN X Y Y X uu X
0X ) ¥ dZ
0Dy 0Py 0Dy
4 oX { oY { FYa
X x oy 9% x| ¥z x
z A nq)Z 7 . 0z

Micropolar strain tensor of third order
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Micropolar Strains and Rotations

Macrorotation vector (Eq. 34)

R, — L(9Uk UL
KL=\ ox;,  oXxx

Re_ L(OW VN o 10U _aw\ L 1(v U
*To\ar a9z) "V 2\az ox ) "¢ 2\ox oy
Microrotation vector

B = Dyl + By + DK
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Micropolar Strains and Rotations

Minirotation vector (Eq. 41)

I'y =

I'y =

I'; =
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Other way to see the minirotation vector T is the tensorial form

T_l7
— T
=Ty
I'z
[ (0% 3%, IDy 9Py ]
“\oy ' 9z oY 07
s | 0%y, 0% 20y
= 0X “\ox ' oz 07
0% 20, 0%y | 20y
X Y \ox a9y ) |
Ex

(1]
Il
(1 [
~

N
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Geometrical meaning of Micropolar strains

—>—>)

(Exr+T(kmy)dXk

. — —_ = .
The deformation of the vector dX(® = dX + d= may be achieved

by the following three operations:

@ Arigid translation of dX + dZ from material centroid X to
the spatial centroid x'.

@ Rigid rotations of dX and dZ by the amounts
— - = — = .
dX x (R + T')andd& x ®, respectively.
© Finally, a stretch represented by the strains Ex; and 'k,
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Geometrical meaning of Micropolar strains

dx®) = dX +dE — (dX x R +dE X B +dX x T )+ (Exe+T (ki) )dXk

Eqg. 39 can be written as

—

(a)__> —_ =
dx\" =dx+dy+dz

Where
e T
dx=dX —dX x R +Eg;dXg (43)
— — =
dy=—dXx T +F(KM)dXK (44)
Bz—dE —dZx ® (45)
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Geometrical meaning of Micropolar strains and

Rotations

Eqg. 43 can be expressed as

— _—_ = — — — — —
dx=dX + R xdX +Eg;dXx =dX +RdX+EdX =dX[1+R]|+EdX

Conventional Continnum

A. M. Ramos-C Cosserat Continuum



Geometrical meaning of Micropolar strains and

Rotations

EqQ. 44 can be written as

57)), = —d.)X X ? —|—F(KL)67§ = F[KL]d’}? +F(KL)d.)X

E is constant
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Geometrical meaning of Micropolar strains and

Rotations

Eqg. 45 can be expressed as

— —> —- = — —
dz = —duxcb d + P xdE=d=E +PdE
N—_——
dE (1+®)
f{E q
\ X o
L . 7 e
ZL =2, dEEd \/)
. &
X El p =
X =x
0 0

X is a constant
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Geometrical meaning of Micropolar strains and

Rotations

dxl® =

0 0
{ <xk+': I XKL

dXk
Eqg. 12 can be written as

Macrodeformation and microdeformation
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Volumen Changes

Material macrovolume element with = fixed
dV, =dX1dX,dX3
Material minivolume element with X fixed
d¥, =dE1dE,dEs
After deformation dV,, — dv and d 7, — dv
dv=JdX;dX,dX; dv = jdE\dE,dZ;

Where j and J are the Jacobians of deformation with = and X
fixed, respectively
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Volumen Changes

P
Y = (C+€)dX +yde ¢ =Pz,
OXx

ox;  9Xkm

=det| — = 46
/ e(aXK+aXK u (46)
Jj = det(xxm) (47)
J~ 1+ Egx + kg (48)

e —

J 1+ Egx+Tkxk =14+trE+ (VX ®)- E
b E+ (VX)) F (49)

dVo
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Volumen Changes

Taking Eq. 47 and calculating the determinant
j = {det D} 2 (50)
Using the EQ. 20 xix = ok + Prx
j = {det[8x, + Prr + Prg]}/> = 1+ gy (51)

Prr =0, so that
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Some special deformations - Rigid deformation

E=&=0, L'=0.If Exx =0implies U is constant, then Rg,
not depends on X.
fTgr =0—=Tgm =0 Tgy=Txim Zr

~~

#0
Constant
=~
. J Py
If Tk =0 — Py is constant because gy = —exiy ———
—~— Xy

=0
=0
If & =0, from Eq. 36 we have:

gKL = Ex1. +eKLM(RM — q)M) — Ry =Py — Ry = Py where
— =~

=0 =0
1

Rx = EeKLMRML; Ry and Ry are independents of X
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Some special deformations - Isochoric deformation

Macroisochoric deformation: if the material macrovolumen
remains unchanged.
Miniisochoric deformation: if the material minivolumen remains
unchanged. j is always equal to one.
From Eq. 48:

J~1+Ekg+T'gk

Exk +T'kx =0 (53)
The Eq. 53 is valid, if Exx and I'kx are equal to zero.

Exkxk=V-U=0

—
=
o
G

From Eq. 49 is obtained that I'xx = (V x 3) - =.Then

(an):O
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Some special deformations - Homogeneous strain

RN
_’(0‘):74-5 X = DXk & = Dk Bk

X

T@ = Dy X+ Dk Ex =DX +D = (54)
~—~ ~—~
constant constant

xr = Dy X is the homogeneous strain in classical continuum
& = Dk Ex is the microhomogeneous deformation.
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Homogeneous strain - Simple Shear

X1 1 § 0 Xi 1 —3); 30) E1
A 0=l0 10| X% |+] D 1 -2 || E
) 00 1] x5 -0, ® 1 s

x? =X +8X, +E| + D283 —D3E,

o —_ —_ —_
Xy =Xo+E3+ 038 — D153

0y
2

x? =X3+E3+D15, -5
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Homogeneous strain - Simple Shear
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Homogeneous strain - Simple Shear

A

X, % c
b b c
_T_ r\“
dz, a
B 4_ S ‘.|B, l ! a

Simple Shear
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Velocity of a material point

Definition: The material derivative of any tensor is defined as
the partial derivative of that tensor with respect to time with the

material coordinates X, and Zx held constant.

E=4% (58)
E=j(X,0E (59)
?:—?le (60)

0
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Loads

Body loads

f 7,
— .
Aa Aa
f, : I !
1, f

Macrovolume element with force and couple body

7 = Body force per unit mass; T = Body couple per unit mass
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Surface loads

17/ U

Macrovolume element with surface loads
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Surface and body loads

()

3v
=

S~

Surface and body loads on volumen

3:§?nda+fpfdv
—i—?x? yda+ [,p(1 —|—?><?)

M = ﬂ[m(n)
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Mechanical balance laws

@ Conservation of mass
@ Balance of momentum
© Balance of momentum of momentum
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Conservation of mass

The total mass of each microelement remains constant during

any deformation.
AV,
AV Av
) .
B )T e AV
/ al - p@
/ )
[ /X 3o X )
// s
/ _—
/// /
a=12...n

Macromass elements containing micromass elements
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Conservation of mass

p{ga)AVO(OC) _ p(a)Av(oc) (61)
The total mass of a macrovolume before and after deformation,
is given by
N
PoAV, =) po(“)AVO(“) (62)
a=1
N
pAv= Y p@Ay® (63)
a=1
PoAV, = pAv (64)
If AV, and Av — dV,, and dv then
PodV, = pdv Po _ ;‘;} =J (65)

dv (66)

P
/podvo :/P
Vv v
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Principle of balance of momentum

The time rate of change of momentum is equal to the sum of all
forces acting on a body

Ap =Y plOv@Ap® =} p%(v +&)Aar(®
o

o

dp = pvdv
The total momentum of the body is
p— / pvdy (67)
The principle of balance of momentum is expressed by
d
. / pvdy = 7( toda+ / pfdv (68)
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Principle of balance of moment of momentum

The time rate of change of moment of momentum about a point
is equal to the sum of all couples and the moment of all forces
about that point.

The mechanical moment of momentum of a microelement is

(@ ply(@p, @

The total moment of momentum of a macroelement is
calculated by:

AM = Zx V(@ Ap(@) (69)

AL = Z(?+?)xpa(v+€)m<a> (70)

o

The principle of moment of momentum is expressed by

d — — 7
E/(?va%—pc)dv:jl{(x xt(n)—l—m(n))da—i—/p(l—i— X %X f)dv
| (71)
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Stress and couple stress

155 Ms3
N b
i \ =
3 JM3
X3 > b /1> My
G | Ma,” |~
"""" t m
23 : |
b3 Lrb My3 Ler M,
>t ——1]
22 22
by M2
G My,
N B
ty AMy my
(6]
)

X

Stress and couple stress
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Stress and couple stress

Ixx txy Ixz My Myy My
t= |t ty by |, m=| my my my (72)
Ix Ly Iz Mz Mgy Mg
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Local balance laws

From the principle of balance of momentum (Eq. 68):

jt/pvdv:j{7(n)da+/p7dv

/pﬁ’dv:jl{?(n)da+/p7dv (73)
/ Divi+p(f —@)dv=0 (74)
’ =0
d
o%l(]; +p(fk —ax) =0 (75)
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Local balance laws

From principle of moment of momentum (Eq. 71)

d — — — —  — — - = _ 7
E/v(x va—l—pc)dv:?{(x xtn)+m(n))da+/p(l+x X f)dv
(76)

J
U (I — O) + ity = 0 (77)

6x1

8tlk =
Txl'i‘P(fk—ak) =0
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Local balance laws

Oty 8tyx 8tzx B

Oty 8ty) 8tzy B

o +7+7Z+P(fy—ay) =0 (78)
dty, Odty, Ot B

ox +5- ay + aZ +p(fz*az) = 0

om om,, OJm )
Xx‘" }X+ a"'t)vz_tz)y‘*'p(lx_cx) = 0

dx dy dz
omy, dmy,  dmy, ) B
I + Iy + Iz +ty—te+p(ly—6,) = 0 (79)

dmy, dmy,  dmy o
s Iy + 3z +ty—ty+p(l;—6,) = 0
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Theory of micropolar elasticity

In linear micropolar elasticity, the strain measures are

ék = Exr+exim(Ry —Puy) (80)
0P
'kt = eKLNTMN (81)

Only 9 components ?;)N are independent and non zero (Eq.
M
Dy

. . 0
42). We may, instead of I'k; s, to use the axial tensor %
L

For the anisotropic micropolar elastic solids, we have the
following relations.

tkr = AKLMNSEMN (82)
0P
mgy, = BKLMNTX;/[ (83)
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Theory of micropolar elasticity

If the body is isotropic, the tensors A and B have to be
isotropics. The most general form of second order isotropic
tensor is:

Akiun = A10krOuN +A20kmOLN + A30kN OLm (84)

By = B16kr.Omn + B26km LN + B3 SknOm (85)
tkr = A10kLEmm +A2bxr + A3k (86)

_ odg ddk P,
mgr = B10gr IXe +B; X, +B; X, (87)
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Theory of micropolar elasticity

On introducing
Ap = A, A=pu+k, Az=u (88)
By = a, By=f, By=y (89)

The egs. 86 and 87 can be written as:

kL = )LSKLéoMM + (IJ + K)(gdKL + ,ugLK (90)

P

. R 8<I>K anL
mgr, = 0Ok, IXx +pB X, +Y

dXk
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Theory of micropolar elasticity

txkr = AOkrErg + (2 + K)Ekr + Kekry (Ry — D)
0Pr 0Pk 0P,

= o0,

miL = 00k 5 P T ok

There are 4 extra modulus in micropolar isotropic elasticity
o, B,7, k. If these modulus are set equal to zero, it is obtained
the Hooke isotropic elasticity.
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