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Physical phenomenon in practice of geotechnical engineering. Monotonic and
cyclic loading

D lh 2001Dalhaus. 2001 
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localization

Calibration of constitutive models. Both, field of stress and strain
have to be homogeneous.

When it is simulated a geotechnical structure near to peak stress or
softening branch, it is attempt to simulating a phenomena of
discontinuity strain by mean a theory based on the mechanics of
continuum media.

Conventional continuum does not have a characteristic length
associated that permits define a localization band to regularize the
problem. For that reason, the results are not unique depending on
discretization used in the FEM analysis.

Since those shortcomings it is relevant to know until when it is valid the

constitutive modelling either elemental test level or FEM level in a BVP.
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σ̇ = Chyp : ε̇
◦
T= L : D + N‖D‖
◦
T=

[
L+ N

D
‖D‖

]
︸ ︷︷ ︸

Chyp

: D
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18

Behavior of an unbound granular material in CCP and VCP triaxial tests

αDrained triaxial

hs, n, βOedometric compression

eio, eco, edoemax, emin

ϕcRepose angle

ParameterTest

3.20.140.5110.4440.2250.249738

βαeioecoedonhs [MPa]ϕc (°)

Determination of Hypoplastic parameters

Hypoplastic constants of the UGM tested
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A specimen initially
homogeneous is strained
up to a state (T, e).
Question: Besides a
homogeneous deformation
(v,∇v), the equations
permit a nonhomogeneous
strain in a discontinuity
plane S

S

[[∇v]]≠0

S

S

S
Ω

Ω

∇v

v

S

S

S

n

g

Ω
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[[∇v]] = ∇v+ −∇v− 6= 0 [[v]] = 0

Second Cauchy theorem

ṫ+ = Ṫ
+
n ṫ− = Ṫ

−
n

For equilibrium, the jump of the vector of stress rate across the
discontinuity must be zero [[ṫ]] = 0

[[Ṫ]]n = 0

[[Ṫ]]n =
[
[[
◦
T]] + [[W]]T−T[[W]]

]
n = 0
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[[∇v]] = g⊗ n

[[D]] = D+ −D− = [g⊗ n + n⊗ g]/2

[[W]] = W+ −W− = [g⊗ n− n⊗ g]/2

γ = ‖D+ −D−‖ =
√

[[D]] : [[D]]
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g =

 g1
g2
g3

 n =

 cosψ
sinψ cosϕ
sinψ sinϕ


σ1

n

σ2

σ3

ϕ

ψ

Direction for the weak discontinuity plane
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γ = f(g1, g2, g3, T, e, ψ, ϕ) =
√

[[D]] : [[D]] = 1

Finally, we have an equation for inclination of shear band.

f(ψ,ϕ) = 0

At the beginning of the deformation process the equation
does not have real roots.
Depending on the conditions, It is possible to find a state
(T, e) where the bifurcation conditions are fulfilled.
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Function f(ψ,ϕ) at the beginning
of deformation
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Function f(ψ,ϕ) at onset of
bifurcation
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Sand hypoplastic constitutive model
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sand

Hostun Sand Test Rftd4

Direction of shear band calculated by mean bifurcation = 62,35o
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Sand Karlsruhe Hostun Toyoura

d50[mm] 0.40 0.35 0.16
eo 0.62 0.62 0.69

θm
80[o] 59.0 63.0 66.0

θc
80[o] 60.21 62.69 61.7
eo 0.63 0.65 0.66

θm
400[o] 58.0 58.0 66.0

θc
400[o] 59.3 60.1 61.1

80 kPa, 400 kPa

θm by Yoshida et al, 1994
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21 mm
42 mm
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ε̇S = ε̇B/S +M ⊗N

ε̇S and ε̇B/S are strain rate tensor
inside and outside of shear band,
respectively.
N Normal unitary vector to shear
band.
M is the vector that defines the
direction of velocity jump
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Applying continuity in the traction vector
in the shear band.

N · (σ̇B/S − σ̇S) = 0

Having into account a constitutive
equation such as σ̇ = C : ε̇

(N ·CS ·N) ·M = N · (CB/S −CS) : ε̇B/S

CS and CB/S are the constitutive tensor
inside and outside of shear band. Working
with continuum bifurcation we have

(N · CS ·N) ·M = 0

Localization condition is satisfaced when
the solution is different from trivial one
i.e. (M = 0)

det[N · CS ·N ] = det[Q(N)] = 0

N · CS ·N is a second order tensor known
as acoustic tensor.
In the general case of elastoplasticity,
tangent constitutive operator in the case
of plastic loading is given by:

CS = CE − CE : m⊗ n : CE

H+ n : CE : m

CE is the elastic tensor, H is the plastic
module, n = ∂F

∂σ
is the normal to yield

surface and m = ∂G
∂σ

is the normal to
plastic potential

CS = CE − CE : m⊗ n : CE

K

Alfonso Mariano Ramos Cañón Encuentro Universidad de Buenos Aires 21 / 31



www.efn.uncor.edu/…/portada.html 1/2

Motivation Hypoplasticity Bifurcation theory applied to Hypoplasticity Experimental phase Bifurcation theory in elastoplasticity Bifurcation theory applied to elastoplasticity Final remarksResults of bifurcation analysis in
elastoplasticity

It was done to three levels
Elemental test to prove both performance of constitutive
equation and soundness of bifurcation analysis
Simulation of laboratory test in FEM where it is possible
to compare to real ones.
Numerical modelling of a very simple BVP
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Drained triaxial test using J2 constitutive model
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Drained triaxial test using CamClay
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 Left σY = 100 kPa, εax = 8 %; center σY = 100 kPa, εax = 12%; right

σY = 500 kPa, εax = 12%
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εax = 6%. Left pc = 200 kPa; center pc = 600 kPa; right pc = 1000 kPa.

Alfonso Mariano Ramos Cañón Encuentro Universidad de Buenos Aires 26 / 31



www.efn.uncor.edu/…/portada.html 1/2

Motivation Hypoplasticity Bifurcation theory applied to Hypoplasticity Experimental phase Bifurcation theory in elastoplasticity Bifurcation theory applied to elastoplasticity Final remarksElement test - Triaxial FEM - Biaxial FEM - Boundary Value Problem. Superficial footingBifurcation applied to BVP. Superficial
footing -J2

 

Vertical displacement 3,33 cm. Top: σY = 100 kPa, bottom: σY = 200 kPa.
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Vertical displacement 3,33 cm. Top: pc = 200 kPa, bottom: pc = 1000 kPa.

Footing using Camclay
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Characteristics of shear bands depends on both
constitutive model and meshing used in the FEM analysis.
The onset of bifurcation depends on elastoplastic tensor.
Thus, the modelling of the occurrence or not of the shear
band depends on constitutive model.
It has been developed analytical solutions for bifurcation in
special paths. However a more important and useful tool
has been implemented in order to be used in FEM.
Factor Ψ can be used in order to show until what moment
the results of simulation of FEM are credible because it
does not break any fundamental principles of either
continuum media (continuity in the strain field) or
calibration of constitutive models (homogeneity in field of
stress and strain)
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Possibility of shear band generation is extremely bound
with develop of plastic strain in the softening branch. For
that reason is more likely shear banding in materials whose
both yield stress and softening parameter are low (J2) and
highly overconsolidated soils (CamClay).
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