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Deformation and Microdeformation
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Deformation of a microvolume
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Deformation and Microdeformation

An element AV enclosed within its surface AS in the undefomged
body. Let the center of mass of AV has the position vector X .
Suppose that the element AV contains N discrete micromaterial
elements AV(®), (o = 1,2,..,N). The position vector of a
material point in the ath microelement may be expressed as:

X@=-X4+E@ (1)

Where E (@ is the position of a point in the microelement
relative to the center of mass of AV.
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Deformation and Microdeformation
The final position of the ath particle will be:
< (@)

— T4+ E@
originally located at X ().

where X’ is the new position vector of the center of mass of Av

()

—

and 3(0‘) is the new relative position vector of the point
o
The motion of the center of mass P of AV is:

_
X =7x(X,1)
H .

alsoon E (@ je.,

The relative position vector €<a> depends not only on X y t but

(3)
Elw _F@x FT@ g (4)
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Deformation and Microdeformation

The materials points in AV undergo a deformation about the
centre of mass.

E@—y(X,nZ@ (5)

In coordinate form, for the spatial position of a material point in
a microelement, we have:

A% = (X0 + 2k (X, 0)ED) (6)

kK=1,23
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Deformation and Microdeformation
We introduce the inverse micromotions Axx such that
XkkAk1 = Ok, Xik ALk = Oki,
In component form Eq. 5 reads

Using Eq. 7 in the Eqg. 8, we get

£\ =y (X 1)z

Xik ALk =1

()

In vector form this reads

EE?‘) = /\Kk(7af)§ka)

(8)
< ©)
T =AF.0E (10)



Deformation and Microdeformation

The motion and the inverse motion of a material point in a
microelement are therefore expressed by

A% = (X0 + 2k (X, 0)EY) (11)
X\ = Xk (T 1) + AT 1) EL (12)
In vectorial form, these read
T =FX,0)+x(X,)E@ (13)
—>(a -, s =
X =X (X, 0)+A(X,1) E® (14)
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Strain and Microstrain Tensors

The differential line element in the deformed body is calculated
by Eq. 11. The index repeated of the last term can be changed

(K=1)
i =x(X.0) + k(X 05 =x(X.0) + (X 0)ES
———
K=L

(@) axk anL X

dx; = Xx o dXk + X dEL + EL 8XKd K
) axk - anL -

dx <8XK+ L8XK>d K+ Xk dEL (15)
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The square of the arc length is calculated by
(ds @2 =a %@ . a7 @ = qxl® . ax\®

Using Eq 15 and forming the scalar product, we have

Ixy 3%kL
ds'®)? = | | == dXk + 2 d=L | -
(ds'™) OXx 8XK K T XkLAZL
N—— =K

L=M

) dXk +%de~L
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Strain and Microstrain Tensors

[0 )
(ds'¥)? = <8;];< +Eu a))cgf) dXg —i—)CdeEK] :

[/ Ox 0 _
(" +Ey ’“‘f) dx; + kad;L]

[ ox 0
(ds' @) = ﬁdx,( +Eu %dx,( + kade] :

:axk XN
—dX;, +ENy——
ox, TN DX,

179,43 +%deEL:|
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On operating the inner product

axk 8xk 8xk anN 8xk
= dX dX AdXxEN————dX; + =—dX, dx
X T ox, AT gx, TAKEN Gy, AL T Gx AR ALAEL
1 2 3
o Xim I X 9 Xkm 9 Xkv
o dXx ——dX; + Eyy————dXxEy —=———dX
TEM Gy, P Gx, AL M Gy TAAKEN Ty ALt
0 ) 0 : 0
—~ OXkMm - — OXg —~ = O9XkN
EpM——dX d= d=Zx —dX dEgEN ———d X1 +
M IXx KXkLdEL + Xik K&XL L+ Xkgd2g 2N X, L
6 7 g
XL dEL Xk dEk
—_—

9
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Joining (1-2-4-5), (3-6), (7-8) and factorizing

(3xk oxe | Oxk . dxv | OXkm Oxk +E,, IXim —. O XN
OXx 0X, ' oXx N ox, " axg ox. M axx N ox,
~—_———— ~— / —

N=M K=LIL=K

0xy
+ XL Xk AELdE g + (5o IXx

8 - 8xk
X, +%kK~N oX,

\—v—’
N=M

)dXxdX,

o Xk
L +Em a% X)) dXgdZE+

(Xkk 5= JdEgdXr,

K=LIL=K
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8xk 8xk 8xk ,_ a%kM aka 8xk oy
Xk X, " oXe Mox, " oxg ox. M

(ds)? =

= XM - XN
“Moxe ~N ox,

d oxy
£y XM X)) dXkdEL + (X =<

=M xe OXx

dx
VdXkdXr + X Xk dELdE g + (ﬁ%kL +

d
+ Xk Em ;;C

VA, dXk

dxy I Ixk O xkm oW IXim . O XN

(@))2 = z dXxdX

(@)= (Gx, ax, T2 axe ox, =M T Gy, =N gx, (dXkadXut
—_—  ———
CkL Txmr

ox o Xk
2(=o— Xk )CkL-i-XkL 8); VAXkdE L + Xrr Xk dELAE

H,_/

Ykr
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Strain and Microstrain Tensors

OXknt — O Xan
()2 = Ey+E ©
(ds'™) [CKL+2FKML M+ Ey X =V ox, dXxdX; +
9 Xm - -
2 lPKL"‘)CkLaT dXxdEL + X Xk dZELdEy
K
Where: e
~ Xk OX|
= 1
Cre(X,1) Xk X, (16)
8xk
Wi (X, 1) = — 17
k(X 1) 8XKX1<L (17)

T 1) = 9%
- dXx 9X;
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Strain and Microstrain Tensors

AS AV

O
(=%
(=%
g
>
<

a=12...,n

Displacement vectors
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Strain and Microstrain Tensors

From the last figure:

X+U=x= U=%-X (19)
50 L T@ T 4 E@
UO=-T+E@_EO@ (20)

xx = Uy + Xk 21)
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Strain and Microstrain Tensors

From Eq 21, by partial differentiation, we obtain

dxi  OUr Xk  JU
oXe  oXe 9Xx  oXk | Ok (22)

Similirly, we introduce the microdisplacement tensors
q)LK( X ,t)

Xk = (Ork +Pri) Ok = Ok O + Prx O = O + Prx - (23)
By use of Egs. 19, 23 the Eq. 20 may also expressed as

— —

U(O‘):ﬁ+é _

(1]
(1]

- = =

i r— r—
=U+xE-E=U+E(x-1)

UI((O‘) = Uk + Zg (O +DPix — 1) = Uk + Eg (O + Pix — ki)

U = Ug + ExDig (24)
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Strain and Microstrain Tensors

On substituing Egs. 22 and 23 into Egs. 16 - 18 we find that

dx; d U U,
Ckxr = k xk=< k+5k1<>< k+5kL>

dXk IX1. Xk X,
U U, U, U
~0 k=L k=L k=t

ox oU,
Yy, = ﬁ%ﬂ (axk + 6kK> (& +Prr)
U, U
Yo = S S+ = Dpp + Besc or, + Sk Prr (26)
0 Xk Xk ——
k=L
k=L ~0
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dx; 0 U oSy +P
oy = Xk )CkM:< k+5kK>< (Skm kM)>

8XK 8XL 8XK 8XL
B U, 0Py B U, 0Pk 0Py
(Gt ) () = SO 5 S (o)
~0 k=K

These expressions are exact. For a linear theory, it is assumes
that the product terms are negligible.

U,  dUg

Cxe™ ot ox,

) (28)

UL
Wy 8 —— 6)) 29
KL Xk + Ok + Pkr (29)
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Strain and Microstrain Tensors

8¢KM
120,03

The difference between the spatial and material representation

disappears, so that one may use u; in place of Ux and ¢, in

place of &g, etc.

The material strain tensor Ex; and the material microstrain

tensors &% and 'k, are defined thus:

Ikim = (30)

1 1 /U, oU,
Exr = E(CKL_BKL) = 5 <8X1L( aXIL(+6KL_3KL> (31)
1 /9UL  JdUx
EKL - 5 <8XK + 8XL> (32)
8UL aUL
kL =Yk — Ok = Xk + Ok + Pk — Ok = Xk +®k.  (33)
dPxy
= 4
Ikim X, (34)
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Micropolar Strains and Rotations

The tensor ®k, is defined as antisymmetric for the theory of
micropolar elasticity.

q)KL - _q)L]( (35)
in the spatial notation, ¢, = —¢;,. Every skew-symmetric,
second tensor ®g; can be expressed by an axial vector ®g
defined by:

1
Pg = EeKLMCI)ML (36)

Eq 36 can be expressed as:
P =P3, P =Pz, P3=Py
The Eq 36 can be written as

Py = —exr Py (37)
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It is known that:

— - =
DU = dxU
(PrxUk)e, = Prér x Ugeék
(PrxUk)e, = (PrUkerxm)eéu

It is changed the subindex in order to have the components in
the same direction

(®PrxUk)e, = (PuUkemkr)ér

Pk = Pyemkr

& is an antysimmetric tensor, then ®;x = —PKL

—®y; = Dyeykr
Dy = —eukrPu
Dy = —eximPu

That is the proof of Equation 37
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The Equation 36 is proved beginning with the Equation 37:

Py = —exiu®Pu

Multiplying to both sides of the equation by ez«

erikPxr = —eximerikPu
erikPxr = —exrm —erkL Py
erikPxL =  exrmerkLPm
erik Pk =  emkLerkLPm

From identities between permutation symbol and Kronecker

delta
erikPxr = 20urPm
erLkPkL Sure s
2
—eri®Pur = Oxr®Pr
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On multiplying both sides of the last equation by dxz
1

5KR§€RLM¢ML = OgrOkrPr
———
N—— R=K
R=K
1
EEKLMq)ML = Py
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Micropolar Strains and Rotations

Substituting this into Eq 23, we have
Xk = Ok + Pik = Sk — exkm®Pum (38)

In the classical theory, we have the rotational tensor

B 1 [oux dU
Rixr = —Rixk = 3 <8XL 8XK> (39)
The axial vector Ry

1

Rk = EeKLMRML Rk1 = —eximRu (40)
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Micropolar Strains and Rotations

Using Egs. 31 y 40, we obtain

1 /U, dU 1 (JdUx dU,
EKL=2< Ly K> RKL:2< X L>

oXx = IXy 0X;, JXk
Uk
— =F R
9X, KL+ Rgr
Uk
7K _ By — exiuR 41
X, KL — exLmRyu (41)
oU
=k = Erx —erxkmBRy = Exi +eximRy
0Xx

Where: Ex; =Erx and CILKM = —€KLM
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Micropolar Strains and Rotations

When this and Eq. 37 are substituted into Eqg. 33 and 34 we get

U
ExL = =—= + Py = Ex + eximBRu — ex @
0Xx
k1 = Exr+ exim(Ry — Pyr) (42)
8d>KL 8(—eKLNCI>N) 8CI>N
T = — N o 43
KL= oy 90X CKLN Xu1 (43)
IRkL
When Ry, = &y, we see that ex;, = Ex; and 'k = Sxn and
M

the microstrains are not independent of the classical strain and
rotations. The micropolar theory assumes that the classical
rotation Rk is different from the microrotation.
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Micropolar Strains and Rotations
Regarding this figure (Displacement vectors) and the Eq. 24:

As
) Av
) )
/X % 0
/
=
a=12...n
Displacement Vectors
—
_) a
(@) _

—
—
=
G

[0 —_
+ U( ) = Uk + ®uxEx
= _ ==
PE =P x E
@ is antisymmetric.



Micropolar Strains and Rotations

The spatial position of the ath point X' (%) is obtained

L
!
!

=

Il

e

|+
(1]

_|_

+ <
8

5]

=]
B
(1]

|
+
[x]
+
<l

S
g

I

X

I

)
+ +
SN
el 8l
X

@] m]

|

=]
S
1
!
_I_
(1] ow|
X
=1
=
>

A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

Microrotations
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Micropolar Strains and Rotations

- . .
d represents an angular rotation of a microelement about the
center of mass of the deformed macrovolume element.

- = =

E=FE _-Ex® (45)

|

Which shows the relative position = of a material point after
—

deformation is obtained by translating = parallel to itself to the

center of mass X of the macrovolume element and then

!—!

rotating it in accordance with @ x =.
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Micropolar Strains and Rotations

Con3|der the deformatlon of an infinitesimal vector
dX©@ —dX +dEat X + .

Deformation of an infinitesimal vector
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Micropolar Strains and Rotations

Con3|der the deformatlon of an infinitesimal vector
dX©@ —dX +dEat X + .

Deformation of an infinitesimal vector
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Micropolar Strains and Rotations

Con3|der the deformatlon of an infinitesimal vector
dX©@ —dX +dEat X + .

Deformation of an infinitesimal vector
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Micropolar Strains and Rotations
On deformation, this vector becomes: (Derivating Eq. 44)
U
— _— —
dx'®) = dX 4+ d=+ ——

P
—_ = =
a)(Kd)([( —dEX P — E x EdXK (46)
By use of Eqg. 41 and 40 we may write
oU oU.
EdXK = TXII;dXK =FExkdXk+ Rk
a7
0Xx

dXx

~~
Antisymmetric
— — - =
dXx = Ex1dXg + R xdX =Eg;dXxg —dX X R (47)



Micropolar Strains and Rotations
Similarly, using Eq. 43
— 0D 0P — B
= XEdXN = _MX _,dXN—

0P —
——— 2dX
oxy ~ N
0Dy,
—ErdXy =T'ginErdX,
€KIM Xy LAAN KIN=LAAN
For convenience, we introduce the notation
Ik =TkimEL
so that
_
- JdP
E X =—dX
axy N

(48)
= TxmdXu = (Cixar) +Digean)) dXu
~—— ——
Symmetric Antisymmetric



Micropolar Strains and Rotations

Carrying Eqs 47 y 49 into Eq. 46, we rearrange it as:

— — —> _— — — =
dx'\*) = dX +dE + (ExzdX; —dX x R)—dZ x ® +T gy dXp +igandXu
—_— Y

K=M;M=K T xdx
_>(oc) - == e S S G A
dx'" =dX +dE—(dX X R +dEX ® +dX x I )+ (ExrdXg + T(yg) dXk)
N——
symmetric
dx'" =dX +dZ—(dX x R +d=x ® +dX x T )+ (Egp+T (kp))dXk

(50)
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Micropolar Strains and Rotations

Now, it is defined a new minirotation vector I" by

1

Uk = Zeximlme,  Uigr) = —eximln (51)

This vector is called minirotation for distinction from the
microrotation ®. Eq.51 can be written:

1 0Py _ 0Py _
'y = 5 (—aXL~K+ aXL~L> (52)

Eq. 52 is obtained of the following manner:

A. M. Ramos-C Cosserat Continuum



Micropolar Strains and Rotations

1
'k = EeKLMFML

From de Eq 48 FKM = FKLMEL — FML = FMNLEN

I'k = ekl mniEN

2
a‘DN aq)P
From Eq 43T = —e —T = —¢ —-—
q KLM KIN 5%~ X MNL MNP 5 X,
r 1 0Pp _
= ——eyxKLe
K 5 CMKLEMNP 5 9X, EN

Using identities of permutation and Kronecker delta is obtained:
1 IPp
'k = — = (8knOLp — OkPOLN) 55— X,

A. M. Ramos-C Cosserat Continuum
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Micropolar Strains and Rotations

1 odp Odp
I'e = —= | SgnOrp—=——=N — Oxpo, c)
K 2 'KN OLP 8XL N 'KPOLN 8XL N
N=K:P=L P=K;N=L
b L (0% 9%
A ) O
.
K=o\ ox, %" ox, Tk
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Micropolar Strains and Rotations

Macrostrain tensor (Eq. 31)

1 /dU, U
EKL:< -+ K>

2\9Xx ' Ixp
U 1 /U 9V
Bo=ox Br=a oy Tox
av 1 /JV W
Br=oy Bre=a\oz oy
oW 1 /(oW JU
Fe=%z7 Bor=3\ox az>
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Micropolar Strains and Rotations

Micropolar strain tensor (Eq. 33)

8U 8U
kL = TX; +®xp Pxr = —exkim®Pu — ExL = X Xi —extm Py
oU oV ow
éaXX:aix éoXY:aixiq)Z éoXZ:;aX +CI)Y
oU aV ow
S ) =— == @
Eyx 5y TPz Syy 37 Eyz 3y X
oU oV ow
— _ = Erz = ——
éaZX 97 CDY gZY YA +q)X Y44 07
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Microdeformation Tensor
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Micropolar Strains and Rotations

Micropolar strain tensor of third order (Eq. 34)

Ukim = %C?LL P = —exiNPn — Tkm = W (53)
Iyzx =-Tzvx = a;;(X;FYZY =—Izyy= a;;X;FYZZ =—Izyz= a;;X
Izxx =—Txzx = a;;(y;rzxy =—Ixzr = a;;Y;szz =—Ixzz= 8;;
Ixyx =—Tyxx = a;;(Z;FXYY =—Tyxy = a;;Z§FXYZ =—Iyxz= 3;;2

all other 'z =0
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aCI)X a(I)X acI)X
y 0X y dy 9y y 0Z
Dy '? oY Dy
X X aZ X
X :
z z z '
Y 8X y 8Y aZ
Dyl 9 Py
CI)Y AN X Y Y X uu X
0X ) ¥ dZ
0Dy 0Py 0Dy
4 oX { oY { FYa
X x oy 9% x| ¥z x
z A nq)Z 7 . 0z

Micropolar strain tensor of third order
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Micropolar Strains and Rotations

Macrorotation vector (Eq. 40)

R, — L(9Uk UL
KL=\ ox;,  oXxx

Ro_ L (AW VN o 10U W\ . 1(9V U
*To\ar a9z) "V 2\az ox ) "¢ 2\ox oy
Microrotation vector

hd ~ A A
D =Pyl +DyJ +PzK
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Micropolar Strains and Rotations

Minirotation vector (Eq. 52)

I'y =

I'y =

I'; =

A. M. Ramos-C Cosserat Continuum

N —

N —

N —

il
!
(

20,

Y

oPy

12).¢

Py

X

Py
0Z

20,

2z

ddy
Y

)zt

[I]

)o

) ezt 5

0Py _
Fra

oDy _
X o uix t+ ==

0P, _
9X Ex +—=—

9Py _ ]
0z 7|

Iy _ |
Fad

0Pz _ |
5y oY




IS

1:>_
= =

I'x
T=|Ty
I'z
. (<94’Y n M’Z) 9%y
o 9z oY
8d>y 8<I>X (9<I>Z
X - (ax oz
a(bz 8@2
X oY
— EX

I
(1 [x]
~

N

dPx

0Z
dPy

0Z
dPx

X

90,
Y

Other way to see the minirotation vector is the tensorial form
—_

).
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Geometrical meaning of Micropolar strains

— — —

dx\®) = dX +dZ — (dX x R +dEx ® +dX x T )+ (Exr+Tigan JdX
= ) = ke + T (k) )dXk

Eq 50 reveals that the deformation of the vector
— — —
dX(® = dX + d= may be achieved by the following three
operations:
@ Arigid translation of dX + d= from material centroid X to
the spatial centroid .
@ Rigid rotations of dX and d= by the amounts
— - = — = .
dX x (R +1T')anddZ x ®, respectively.
© Finally, a stretch represented by the strains Ex; and k)
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Geometrical meaning of Micropolar strains

—

— - = = =
+dE—(dX x R +dEx ®+dX x T )+ (Ex+ L (kar))dXk

— —

dx'% = dx
Eqg. 50 can be written as

— e —
dx'% = dx+dy+dz

Where
- —_ = =
dx=dX —dX x R + Eg1dXg (54)
— — =
dy=—-dXxT +F(KM)dXK (55)
Bz=dE —dEx ® (56)
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Geometrical meaning of Micropolar strains and

Rotations

Eqg. 54 can be expressed as

— _—_ = — — — — —
dx=dX + R xdX +Eg;dXx =dX +RdX+EdX =dX[1+R]|+EdX

Conventional Continnum
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Geometrical meaning of Micropolar strains and

Rotations

Eqg. 55 can be written as

57)), = —d.)X X ? —|—F(KL)67§ = F[KL]d’}? +F(KL)d.)X

E is constant
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Geometrical meaning of Micropolar strains and

Rotations

Eqg. 56 can be expressed as

— —> —- = — —
dz = —duxcb d + P xdE=d=E +PdE
N—_——
dE (1+®)
f{E q
\ X o
L . 7 e
ZL =2, dEEd \/)
. &
X El p =
X =x
0 0

X is a constant
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Geometrical meaning of Micropolar strains and

Rotations

dxl® =

0 0
{ <xk+': I XKL

dXk
Eqg. 15 can be written as

Macrodeformation and microdeformation
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Volumen Changes

Material macrovolume element with = fixed
dV, =dX1dX,dX3
Material minivolume element with X fixed
d¥, =dE1dE,dEs
After deformation dV,, — dv and d 7, — dv
dv=JdX;dX,dX; dv = jdE\dE,dZ;

Where j and J are the Jacobians of deformation with = and X
fixed, respectively
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Volumen Changes

-2 anL
(a) d= =
Taking Eq. 15
Ix a%kM_
7
J= a’t<aXK+aXK M) (57)
j=det(Xim) (58)

Applying det(A) = (det(A-A))'/?

Ixc | Ipm Ixe | Oxv 2
{d t[(aXKJF IXx “M> <axL+ ox, "
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Volumen Changes

ox; dxp  dxg a%kNH

Jo= delgy ok Taxe ax, N T
—_— —m———
Ck1 TxniEn
Ix 9)CkM_ d Xkm 3%kN_ = ]1/2
oX, oXx M ox, ox, MY
| ——

TkmiEm
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Volumen Changes

Taking the fourth term of the Eq. 59

Okt OXuN o = Ofkm Xk OYun 9%k - - 0Xp IXp
8XK 8XL =M=N 8XK aXp 8XL 8XQ =M=N &xk 8xk
N—— —— N———
Trux Tont C;Q‘
The Eq. 59 becomes:
1/2
J=qdet |Cxkp+TUkniEn +TkprEy +T PMKFQNLEMENC;QI
—0
(60)
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Volumen Changes

From Eq. 31

1
Ex1 = E(CKL —Okr) — Ckr = 2Ek1, + Ok1

From Eq 48
Ukm =TkimEL — UkneEy = TkmrEyv = Tke
On using this two Eq in 60
J = {det [Sx, +2Ex, +2Tx.]}'/? (61)
Expansion and linearization of this gives

J~1+Exx+Tkk (62)
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g
r UL

KK = —€KRS ox; -k
Using the Eq 62

Volumen Changes
From Eq 48 T'km = TkimZr — Tk = Tkrx Eg. From Eq 43
0P d
kv = _eKLNaT;/[V — I'grix = —eKRSE

0Dy —
eKSRaXK R=( )-ER
- =
J21+EKK+FKK:1+ZFE+(VX CI))E
av
dVo

1]

I =trE+(Vx ®)- (63)



Volumen Changes

Taking Eqg. 58 and calculating the determinant
j={det [ xl ' (64)

Using the Eq 23 vk = Ok + Prx
}1/2

j= {det [SKL—Fq)KL-f—CDL[(]}l/Z =1+Pkx (65)
$rx =0, so that

j = {det [(Six + Pux) (S, + Prr)]}

j= {det |:5kK Ok, + Okk Prr, + Ok Pri + Prx Pur,
—_—— e N N —
k=K k=K k=L —0
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Some special deformations - Rigid deformation

E=&=0, I'=0. If Ex,=0implies:
o)
From Eq. 41 aﬂ =Exr+Rkr U
Xy

= Rgr.
9X, KL

dUk = Rx1.9X;, — Ux = Bx + Rk X1

(67)
If Ex;, = 0 means U is constant, then Rg; not depends on X.
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Some special deformations - Rigid deformation

f Tk =0—Tkiv =0 Txm=Tkm Z
~—~
40

Constant
=~
Jd Py
Xy

=0

If Tk = 0 — Dy is constant because Uk = —exin
~—~—
=0
If £ =0, from Eq. 42 we have:
Exr = Exr +exim(Ry — Py) — Ry = Py — Rg = Pk where
~— ~~
=0 | =0
Rk = 5eKLMRML; Ry and Rk are independents of X
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Some special deformations - Isochoric deformation

Macroisochoric deformation: if the material macrovolumen
remains unchanged.
Miniisochoric deformation: if the material minivolumen remains
unchanged. j is always equal to one.
From Eq. 62:

J~1+Ekg+T'gk

Exk +T'kx =0 (68)
The Eq. 68 is valid, if Exx and 'k are equal to zero.

Exkxk=V-U=0

—
=
o
G

From Eq. 63 is obtained that Txx = (V x &) &. Then

(an):O
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Some special deformations - Homogeneous strain

-
T =F+¢& x=DuxXx &=DwEx

R
X® = D Xx+ Dix Ex —DX +DE (69)
~— ~—
constant constant

xx = Dy Xk is the homogeneous strain in classical continuum
& = Dk Ek is the microhomogeneous deformation.

The Eq. 23 is yix = ok + Prx and the Eq. 37 is

Ok = —erxkn®y. Locating Eq. 37 in Eq. 23 we have:

Xik = Ok — ekkm Py Xir = Sk — ek Pum
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Some special deformations - Homogeneous strain

Xk, = kL, — exem®Pum

-~

XL =2u;Pyu=Dn

Dir = & — exu®m (70)
1
Dm = EekLMCgkL (71)
The microhomogeneous deformation can be written thus
(Py =Dm).
- - = —
E=E-Ex D (72

constant

The material deformation tensors (Eq. 16, 17 and 18) have the
following develop.
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Some special deformations - Homogeneous strain

Cop= D% _poy — DyX
KL—aXKaXL k = UkkAK Xk = DAL
8xk _ 8(DkKXK) -D
Xk Xk kK
8xk _ 8(DkLXL) -D
X, X, kL
Ck1 = DDy, (73)
ox
Yy = ﬁ Xi. = Dix®xr (74)
——
Do DL
ox; 9 Xk 0D
KM = 5% 3%, KX 0 (75)
~—— ——
DkK :0
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Some special deformations - Homogeneous strain

If one use Eq. 70 and Eq. 74, Wk is:
Yk = Dik®rr

Wk = Dik (k1 — exem®m)

Wki = Dik 61, — exemDik D m
—_—— —
k=L k=N
Y1 = Drx — etunDnkOum (76)
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Homogeneous strain - Uniform macrodilatation

O o o

D 0
D=|0 D ,0<D <o (77)
0 0
Dk]( = D(SkK DkL = D6kL
Using Eq. 73 we have:
CKL = DkKDkL = D5kKD6kL - D26KL (78)

The macrostretch (L)) is D (v/Ci1). The angle between two
vectors of the deformed macroelement is 90° (C;; = 0),i # j.
The deformation carries a macrocube of unit volume to a
macrocube of volumen D?
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Homogeneous strain - Uniform macrodilatation

On another hand, we have Eq. 74 as:
W1 = Dik D = D&ixDir (79)

Yx1 = Drx — etunDnkDum

Wk = DOrx — ermnDONk Dy = D(Ork — eLmnONk D m)
N=K

Yk = D(6x —ermx®m) = D(Orkx — extm®m) (80)
From this is clear:

Y =Wn=¥3=D, Ykr=—eximDDy, (K#L) (81)
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Homogeneous strain - Uniform macrodilatation

From Eq. 70 we have

D = O — exem®m

D1 =D =033=1
Dip=—e12393 ,D;3=—e13292 , D2 = —e21393,
D3 =—e3191 ,D31=—e31292 , D3 =—e31D;

1 -3 Dy
D=\ D3 1 -9 (82)
-9y B 1
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Homogeneous strain - Uniform macrodilatation

Dy, is an orthogonal Tensor for infinitesimal strains. It has the
properties that the magnitude of the vectors does not change
with application of ©;;. The angle between pair of vectors does
not change with ©;; .

& =DwxZx  The microstretch (/(x)) (ratio of the magnitude of
the deformed microelement to that of the undeformed
microelement) is 1.
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Homogeneous strain - Uniaxial Strain

D 0 0
D=0 1 0 [,0<D<oo (83)
0 0 1
Ck1r = DixDir
D 0 0 D 00 D> 0 0
C=(010 010 C=| 0 10 (84)
0 0 1 0 0 1 0 0 1

Macrostretch L) and Microstretch [ are

Lyy=D, Logy=Lp =1
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Homogeneous strain - Uniaxial Strain

_C,
T b b C ;
d=, a’
B } ra”
Cl—— dz,;

0 A A >

« dX, > X1 %

’ DdX,

Uniaxial Strain
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Homogeneous strain - Simple Shear

X1 1 § 0 Xi 1 —3); 30) E1
A 0=l0 10| X% |+] D 1 -2 || E
) 00 1] x5 -0, ® 1 s

x? =X +8X, +E| + D283 —D3E,

o —_ —_ —_
Xy =Xo+E3+ 038 — D153

®
2

x? =X3+E3+D15, -5
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Homogeneous strain - Simple Shear
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Homogeneous strain - Simple Shear

A

X, % c
b b c
_T_ r\“
dz, a
B 4_ S ‘.|B, l ! a

Simple Shear
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Plane Strain

The spatial deformation tensors for plane strain are

Chi Cp2 O Y, ¥, O
C=|C1 Cn 0|, ¥Y=|Y¥Yy ¥ O (88)
0 0 1 0 0 1
0P
12M 21M aXM ( ) )7 KLM

Eq. 31 - 33 y 34 provide the relation between the deformation
tensors and strains (or displacement vectors)

Ux JUp
Cxr =96 2Ex; = 6, —+ =
kL = Ok, +2Ek;, = Ok + 9X, + 9Xx
U,
Wy; = Exi+ Ok = Ok — exim®u + ——= (89)
0Xx
r 0Dy
= —e —_—
KLM KIN X
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Plane Strain

En En O &1 S 0
E=|E; En 0|, &=| &1 &2 0 (90)
0 0O 0 0 0O 0
where
U, 1 /U, 9U, U,
= En=Ey=- (2422, Ep=22
Eyy 9X,’ 12 21=73 <8X2 + ox, )’ 22 7%
(9U1 aUZ
Ep=—-—D+—= 91
én X on + X, (91)
U, U,
—o+ 2L o, =
&1 =P+ ' 2T %
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Velocity of a material point

Definition: The material derivative of any tensor is defined as
the partial derivative of that tensor with respect to time with the

material coordinates X; and Zx held constant.
In order to obtain the relative velocity of a material point X + &

with respect to the center of mass X we take the Eq

E=y= (92)
E =X, (93)
(94)
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Velocity of a material point

On substituting Eq. 94 into 93
E =xA¢ (95)
Where .
Vik = XikAxr & = Viebe (96)

The total velocity (% of a material point X + E) can be
calculated by

iy
VO T4 E =T 4+vE (97)

From Eq. 38
Xik = Okx — ekkm Py

Aki = Oki + ekim®Pm
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Velocity of a material point

On replacing this Eq. into Eq. 96:

Vii = Xkk Aki
(O — o))
Vi = |: ( kK ;:KM M)] [8K1+3K1m¢m]
Vie = —exxm®um [Ok1 + eximPm)

Vi = —ekKMCI)MsKI _ekKMeKlmq)M(Pm
N—————
K=l

Vi = _eklMd)M — exkmexim®u Om (98)

For the linear theory, this is simplified to

Vil = _eklmqsm (99)
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Velocity of a material point

On introducing an axial vector vy, called microgyration vector

1
Vi = Eeklmvml Vi = —€kimVm (100)

we see that

The Eq. & = vE now reads

& Vikr (102)
& = —eumVmbe (103)
51 = emkVimbi (104)
£ = VxE (105)
E - _Exv (106)
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Loads

Body loads

f 7,
— .
Aa Aa
f, : I !
1, f

Macrovolume element with force and couple body

7 = Body force per unit mass; T = Body couple per unit mass
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Surface loads

17/ U

Macrovolume element with surface loads
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Surface and body loads

Surface and body loads on volumen

=l

n)da+fvp7dv
(n) T B 7(n)]da—|—fvp(7 + X x ?)dv

Bl
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Mechanical balance laws

@ Conservation of mass
@ Balance of momentum
© Balance of momentum of momentum
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Conservation of mass

The total mass of each microelement remains constant during

any deformation.
AV,
AV Av
) .
B )T e AV
/ al - p@
/ )
[ /X 3o X )
// s
/ _—
/// /
a=12...n

Macromass elements containing micromass elements
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Conservation of mass

pSYAVSY) = p@AY@ (107)
The total mass of a macrovolume before and after deformation,
is given by
N
PV, = Y piavy® (108)
o=1
N
pAv=Y p@Ay® (109)

a=1

In view of Eq 107 we see that

PoAV, = pAv (110)
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Conservation of mass

If AV, and Av — dV,, and dv then

_ Po_dv _, 9%
podV, = pdv p _dVO_J_det(aXK) (111)

Eqg. 111 are equivalents expressions of the principle of
conservation of mass for the macrovolume element.

X is the position of the center of mass of a macroelement.

Accordingly,

-
Y iz @avS® =0
o
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Conservation of mass
Using Eqg. 107 and 9, this gives
= (

E@ _AE @
A Zp(a)é(a)Av(a) -0
40 “

N
the deformed macrovolume.

110

(112)
This shows that the position vector x is the center of mass of

Global balance equation for mass is obtained by integrating Eq.

/ podV, = / pdv (113)
\% v



Principle of balance of momentum

The time rate of change of momentum is equal to the sum of all
forces acting on a body

Y p@y(@ Y p%(v 4+ &)ar®

a - §p<a><v—exv>w>

= Zp IVAV® Zp (€ x v)AV®)

= va ) AV +v><2p JEAV®)
a

o
N———
=0
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Principle of balance of momentum

With Eq. 109, in the limit we can write
dp = pvdv

The total momentum of the body is

p:/pvdv (114)

The principle of balance of momentum is expressed by

;lt/pvdv: j{t(n)daJr/pfdv (115)

where

t(n) is the surface traction per unit area acting on the surface of
the body with normal .

Eqg. 115 is the same given in classical continuum mechanics.
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Principle of balance of moment of momentum

The time rate of change of moment of momentum about a point
is equal to the sum of all couples and the moment of all forces
about that point.

The mechanical moment of momentum of a microelement is

(@ py(@p, @

The total moment of momentum of a macroelement is
calculated by:

A = YT x p@y(@a@) (116)
o
N

A = Y (X4 E)xp@ v+ &)a@ (117)

o
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Principle of balance of moment of momentum

-
AM = T xvY p@Al® 1Y E xpl@ E AV
o o
+ Tx Y p@EAY —vx Y p) g A
o a
-0 =0

zm:/(7><pv+po)dv (118)
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Principle of balance of moment of momentum

The principle of moment of momentum is expressed by

d —
E/v(7xpv—i—po)dv:?{(?xt(n)—i-m(n))da—i-/vp(l—i-?x fdv
(119)
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Stress and couple stress

155 Ms3
N b
i \ =
3 JM3
X3 > b /1> My
G | Ma,” |~
"""" t m
23 : |
b3 Lrb My3 Ler M,
>t ——1]
22 22
by M2
G My,
N B
ty AMy my
(6]
)

X

Stress and couple stress
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Stress and couple stress

Lix Ixy Iy Myx Myy My
t= |ty by L |, m=| my my my (120)
Iyx Iy Iz Mgy Mgy Mg
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Local balance laws

dv
/VpOdVo—/vpdv, J= av, (121)
d
/po% = /pdv; /podv: /p]dv
[o—piav=0; p,—ps=0 (122)
Equation of local mass conservation
Po
Fo g 123
) (123)
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Local balance laws

From the principle of balance of momentum (Eq. 115):

d
E/pvdv:f?(n)da—l—/p?dv

/vpz’dv=7€?(n)da+/vp7’dv (124)
— T -
pddv = ?{L nda—l—/pfdv (125)
v . Ry v .
pTdv = ]{ngdﬁ/pfdv (126)
/pﬁdv - /V;dv+/p7dv (127)
v . v . v -
pddv = /Dwgdv%—/p fdv (128)
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Local balance laws

/[Div;+p(7 —@)dv=0 (129)
! =0

oty

T&+p(fk_ak):0 (130)
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Local balance laws

From principle of moment of momentum (119)

C‘;/vﬁ’xp7+p€)dv:7g(?><F,1;+n7(;;)da+/vp(7’+7><7)dv
131)
dv =
/V(pr7+7xpd—‘t’+p?)dv:£(7xt(_n>+n7n)})da+
=0 ~
Lp(T+7% x £)dv(132)
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Local balance laws

/p<7 % 7+?)dv_f<7 ngW)da—i—?{mTWch—
g S, g
Lo(T+7% x f)dv(133)
/p(? X+ 0 )dv= 74(? x Wt)da+ [ Vmdv+
g = ,
Lp(T+7 x £)dv(134)
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Local balance laws

Organizing terms

/[Vm—f—p(? g dv—l—/x X [ ? a)]dv+ ¢(X x n't)da=0

v N

1
(135)

In components, Term 1 is:

d(eijix;t
%(eijkxjnltlk)da: %nl(eijkxjtlk)da: /(eékxx]lk)dv (136)
s s 1

v

at
_/e,]k l‘lk—l-e,Jkgl]; J]dv (137)

Bﬂ
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Local balance laws

otk
— [ens; s d 1
/ve JkSJmde-i-/ve kX j aXZ v ( 38)
j=l . 8tlk
X X 9%,
f(eijkxjnztlk)da = /eilktlkdv—i—/? XDiV(E)dV (139)

On substituting into Eq 135 results:

/[Vm+p dv+/ X X —a)]dv+

fv eintidv + fv Bl Div(g)dv = 0(1 40)
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Local balance laws

/[?m p—* }W+/ Eﬁ+m@m+/@wmh:6
v X] ;

(141)

In components

8mlk
8xl

+p(lk — 6) +eintix =0 (142)

In rectangular coordinates the expanded expressions of Egs.
130 and 142 are:

ot —
a;k—i_p(fk_ak) 0
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Local balance laws

Oty Oty Ol B
o Ty T TPUma) = 0

dty, dty, Ot B

% oy T o +p(fy—a) = 0 (143)
dty, Odty, Ot B

ox +5- ay + aZ +p(fz*az) = 0

om om,, OJm )
Xx‘" }X+ a"'t)vz_tz)y‘*'p(lx_cx) = 0

dx dy dz

om,, Jdm om .

3xy+ 8y”+ a”+tzx tetp(l,—6,) = 0 (144)
om,, 0 0 .

Snxz"i_ ;;JZ_'_ ;”ZZ"FZX) tyx+p(lz_o-z) =0
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Theory of micropolar elasticity

In linear micropolar elasticity, the strain measures are

ék = Exr+exim(Ry —Puy) (145)
0P
'kt = eKLNTMN (146)

Only 9 components ?;)N are independent and non zero (Eq.
M
Dy

. . 0
53). We may, instead of 'k, to use the axial tensor %
L

For the anisotropic micropolar elastic solids, we have the
following relations.

tkr = AKLMNSEMN (147)
0P
mgy, = BKLMNTX;/[ (148)
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Theory of micropolar elasticity

If the body is isotropic, the tensors A and B have to be
isotropics. The most general form of second order isotropic
tensor is:

Axkiun = A10krLOuN +A20km Oy +A30knOm (149)
Bikiun = Bi16krOun +B20kmOin +B3dknOry  (150)

The Eq 147 takes the following form

txkr = (A10k1Omn + A28km Oy +A30kn Omr) Emn

-~

AKLMN

tkr, = A10kr OuNEuN +A20km St nEyn +A30kN OLmEmN
——— —— ——
M=N N—=L M=L
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Theory of micropolar elasticity

tkr = A10kLEMm + A2 Ok L +A3 OknELN
—_—— ——
M=K N=K
txkr = A1OkLEMM + A28k +A38Lk (151)

Eq 148 is modified thus:

0P
mgr = (B16k1.Oun + B26km Oin + B3Ok Oim) TXZI
Bkrmun
myr = By 8xL Sy = +BaSxas Sy = +B3 8k Srap =
Xy Xy Xy
v %/—/ —_———
M=N N=L M=L
Iy ddy 0D,
=B16 B> 3§ B: S
e s ) AL
M=K N=K
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Theory of micropolar elasticity

B dDr 0Dk 0P,
megij, —BI(SKL 8XR +B2 BXL +B3 aXL (152)
On introducing
Al = A, A=u+k, Az=p (183)
By = «, By=f, Bi=y (154)
The egs. 151 and 152 can be written as:
tgkL = QL(SKLgMM + (IJ + K)@@KL + ,ungK (1 55)
Jddr dPx  I0Pp
= 1
mgr = OgL Xz +B X, +Y8XK (156)
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Theory of micropolar elasticity

The Eqg. 155 can be written alternatively as:

Evum = Egr

txkr = AOkrErr + (kL + E1k) + Kék1
Eq. 145 is expressed by:

&kt = Exr + exim(Ry —Py) ik = Ergx +erkm(Ru — Pur)
Substituting in the last equation
txkr, = ASkrErr+ W(Exr+exim(Ry —Pum) +Erk +erkm (R —Pum) )+

K(Exr + exrm (R — Pur))
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Theory of micropolar elasticity

txkr, = ASkrErr+ 1W(Exr+exim(Ry — @) +Erk —exim (R —Pum) )+
K(Ekr + exim (R — Pur))
tkr, = AOkLErr + UW(EkL + Erk) + K(Exr + exim (R — Par))

tkr, = AOkLERrr +2UEKkL + K(Exr + ek (Ry — Pur))
txkr = AOkrErr + (21 + k) Exy, + Keg v (Ry — Pur) (157)
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Theory of micropolar elasticity

txkr = AOkrErg + (2 + K)Ekr + Kekry (Ry — D)
0Pr 0Pk 0P,

= o0,

miL = 00k 5 P T ok

There are 4 extra modulus in micropolar isotropic elasticity
o, B,7, k. If these modulus are set equal to zero, it is obtained
the Hooke isotropic elasticity.
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